Introduction
The connection between probability theory, continued fractions, and orthogonal polynomials systems (OPS) is usually addressed in the literature via the very fundamental result of Karlin and McGregor [12] , which states that the transition probability functions of a birth and death process can be expressed by means of orthogonal polynomials associated with some spectral measure. This is equivalent to claim that the backward Chapman-Kolmogorov equations can be solved via the introduction of an OPS and a spectral measure.
Specifically, consider a birth and death processes {At } with state space {0, 1, 2, 3, ... } and defined on some probability space (02, The OPS { Qn (x)} will be referred to in the following as the fundamental OPS associated with the birth and death process {At }).
The result of Karlin and McGregor can notably be used to classify birth and death processes (especially linear-growth birth and death processes)
, where the concepts of recurrence and transience are studied in a purely analytic way instead of a probabilistic one [13] . The result is also of great interest for the community dealing with the properties of orthogonal polynomials occurring in the modelling of physical systems (see [10] 
for instance).
A complementary approach to the connection between probability theory and OPS [5] In this paper we adopt a slightly different approach to the above-mentioned connection. We specifically show how the theory of continued fractions naturally arises when studying some transient characteristics associated with the birth and death process { At) }, namely the time to an excursion above a given threshold starting from a given state, and the duration of an excursion above a given threshold. By analogy with the M/M/oo system studied in [8] , special attention will be paid in this paper to the case when the birth and death process {At } is an ergodic Markov chain, which is a natural assumption in a probabilistic setting. This assumption entails in particular that [4] 
Basic definitions and results
We recall in this section some basic concepts and results, which hold for the continued fraction lo (z). The successive denominators { Pn (z)} of the continued fraction io(z) satisfy the Wallis recurrence relations [9] Po (z) 1, P-, (z) 0, To progress in the investigations of the properties of the birth and death process {At ), we are led to make further assumptions on the process { At }). In the literature, it is usual to take some specific birth and death rates or more generally to suppose some asymptotic behaviour for the birth and death rates. For instance, for linear-growth birth and death processes, a classical assumption is to assume the asymptotic behaviour Xn = O(na) and ,n = O(na) for some real a; in this case, the process is said to be asymptotically proportional.
In this paper, we adopt a slightly different approach. Specifically, we assume in the following that C = 00, To conclude this paper, let us briefly discuss a conjecture formulated in [5] . In that paper, it is claimed that for asymptotically proportional birth and death processes (i.e. Xm ~? pma and 1m -ma as m -+ oo for some positive constants a and p), the poles of the continued fraction po(z) are asymptotically proportional to ma (i.e. am ~ Cma for some constant C, which depends only on p). In this paper, we assume that p < 1. We first note that under the asymptotic proportionality assumption, the birth and death process {At} satisfies Aldous' local linearization property (as discussed in Section 3) and 8m ( 
